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2. Hill and Dale were out in their rowboat one day, and Hill spied a water lily. Knowing that 

Dale liked a mathematical challenge, Hill demonstrated how it was possible to use the plant 

(which was rooted to the bottom of the pond) to calculate the depth of the water under the 

boat. Without uprooting it, Hill gently pulled the plant sideways, causing it to disappear at a 

point that was 35 inches from its original position. The top of the plant originally stood 5 

inches above the water surface. Use this information to calculate the depth of the water. 

3. Most positive integers can be expressed as a sum of two or more consecutive positive integers. 

For example, 24 = 7+8+9, 36 = 1+2+3+4+5+6+7+8, and 51 = 25+26. A positive integer that 

cannot be expressed as a sum of two or more consecutive positive integers is therefore 

interesting. The simplest example of an interesting number is 1. 

(a) Show that no other odd number is interesting. �
(b) Show that 14 is not an interesting number. �
(c) Show that 82 is not an interesting number. �
(d) Find three ways to show that 190 is not an interesting number. �
(e) Find three ways to show that 2004 is not an interesting number. �
(f) How many interesting numbers precede 2004? �



“I	learned	a	lot	more	by	teaching	myself	than	by	being	taught	by	
someone	else.”	

“One	learns	many	ways	to	do	different	problems.	Since	each	problem	
is	different,	you	are	forced	to	use	all	aspects	of	math.”	

“It	makes	me	think	more.	The	way	the	math	books	are	setup	(i.e.	
simple	problems	progressing	to	harder	ones	on	a	concept)	really	helps	
me	understand	the	mathematical	concepts.”	

“When	you	discover	or	formulate	a	concept	yourself,	you	remember	it	
better	and	understand	the	concept	better	than	if	we	memorized	it	or	
the	teacher	just	told	us	that	the	formula	was	‘xyz’.”	





The	knowledge	of	those	laws	is	so	natural	to	
our	souls	that	we	cannot	but	judge	them	

infallible	when	we	conceive	them	distinctly,	
nor	doubt	that,	if	God	had	created	many	
worlds,	the	laws	would	be	as	true	in	all	of	

them	as	in	this	one.
https://www.princeton.edu/~hos/mike/texts/descartes/worl

d/worldfr.htm



The	phrase	"the	best	of	all	
possible	worlds"	(French:	le	

meilleur des	mondes possibles;	
German:	Die	beste aller

möglichen Welten)	was	coined	
by	the	German polymath

Gottfried	Leibniz in	his	1710	
work	Essais	de	Théodicée	sur	la	
bonté	de	Dieu,	la	liberté	de	

l'homme	et	l'origine	du	mal

(Essays	on	the	Goodness	of	God,	
the	Freedom	of	Man	and	the	

Origin	of	Evil).
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https://mathwithbaddrawings.com/2017/05/24/the-three-phases-of-the-mathematical-life/#more-6447















https://mathwithbaddrawings.com/2014/01/22/39-ways-to-love-math/



1. The	person	in	seat	1	can	stand	and	sit	anytime.	
2. Any	other	person	may	change	state	(by	standing	up	

or	sitting	down)	if	the	person	immediately	in	front	of	
them	is	standing,	while	all	others	in	front	of	them	
are	seated.	

3. Make	the	last	person	be	the	only	one	standing.	







Failure	is	part	of	the	fun. The	two	classic	attitudes	to	
losing	endings	in	CYOA,	particularly	in	publishing-
machine	works,	are	1)	it’s	there	to	create	challenge,	
or	2)	it’s	discouraging	and	distressing,	so	you	should	
have	as	few	as	possible.	All	these	books	present	

failure	as	entertaining,	interesting,	something	that	
enriches	the	piece.	

https://heterogenoustasks.wordpress.com/2012/04/04/cyoa
-structure-millennial-snark/









“I	suffered	quite	a	bit.	This	abstract	algebra	was	very	
unfamiliar.”

“It	was	really	hard	for	me,”	Châu recalls.	“I	couldn’t	
get	it.	It	was	very	painful.”

Châu hid	his	struggle	below	the	surface.	“My	
professors	thought	I	was	a	fantastic	student,”	he	

remembers.	“I	could	do	all	the	exercises.	I	did	well	on	
exams.”	Then	he	shakes	his	head,	half-smiling.	“But	I	

didn’t	understand	anything.”



So	it	went	throughout	his	undergraduate	degree:	a	
pantomime	of	understanding,	and	an	anguish	below.	
It’s	an	all-too-common	tale	for	the	mathematics	

student:	you	copy	patterns	blindly,	not	comprehending,	
until	one	day	the	patterns	evade	you,	and	your	

mathematical	days	are	through.



So	it	went	throughout	his	undergraduate	degree:	a	
pantomime	of	understanding,	and	an	anguish	below.	
It’s	an	all-too-common	tale	for	the	mathematics	

student:	you	copy	patterns	blindly,	not	comprehending,	
until	one	day	the	patterns	evade	you,	and	your	

mathematical	days	are	through.

Says	the	Fields	Medalist.



Time	Cave. A	heavily-branching	sequence.	All	choices	are	of	roughly	equal	
significance;	there	is	little	or	no	re-merging,	and	therefore	no	need	for	state-

tracking.	There	are	many,	many	endings.
Effects: The	time	cave	is	the	oldest	and	most	obvious	CYOA	structure.	It	is	
often	good	for	narratives	about	freedom	and	open	possibility,	adventures	
that	could	go anywhere, flights	of	fancy. Time	caves	tend	to	have	relatively	
short	playthroughs,	but	strongly encourage	replay:	they	are	broad	rather	than	
long.	Even	with	multiple	playthroughs,	most	players	will	probably	miss	a	good	

deal	of	the	content.



The	time	cave’s structure	is	both	organised by	chronological	progression	
and	detached	from	it. It’s	ungrounded	by	regularity:	possibility	is so open	

that	it	often	becomes	fantastic	or	surreal,	with	different	branches	
occupying	wholly	different	realities.	The	player	has	velocity	but	little	grasp,	

vast	freedom	but	little ability	to	comprehend	it.

https://heterogenoustasks.wordpress.com/2015/01/26/standard-
patterns-in-choice-based-games/



Gauntlet. Long	rather	than	broad,	gauntlets	have	a	relatively	
linear	central	thread,	pruned	by	branches	which	end	in	death,	
backtracking,	or	quick	rejoining.	The	Gauntlet	generally	tells	
one	anointed	story,	which	can	be	adorned	with	optional	
content	or	prematurely	ended	with	failure;	if	there	are	

multiple	endings,	they’re	likely	to	derive	from	a	Final	Choice.	
Gauntlets	rarely	rely	on	state	to	any	great	extent	(if	they	do,	

they	are	likely	to	evolve	into	a	branch-and-bottleneck	
structure.)



Effects: The	player	is	likely	to	realise that	they	are	on	a	
constrained	path,	but	the	presentation	of	side-

branches	matters	a	great	deal	– do	they	mean	death?	
incorrect	answers?	travel	back	in	time?	blocked	paths,	
footnotes,	 or scenic	details?	Most	often, the	gauntlet	
creates	an	atmosphere	of	a	hazardous,	difficult	or	

constrained	world.	



Sometimes	this	can	be	punishing	or	depressing;	
sometimes	it	can	be	darkly	comic;	sometimes	it’s	a	
sign	that	you’re	in	a	work	heavily	dependent	on	
reflective	or	rhetorical	choice.	Perhaps	the	easiest	
structure	to	author,	gauntlets	can	be	conceived	of	in	
similar	terms	to linear	stories,	and	ensure	that	most	

players	will	see	most	of	the	important	content.



Branch	and	Bottleneck. The	game	branches,	but	the	branches	
regularly	rejoin,	usually	around	events	that	are	common	to	all	
versions..	To	avoid	obliterating	the	effect	of	past	choices,	b&b
structures	almost	always	rely	on	heavy	use	of	state-tracking.

Somewhat	rarely,	the	bottlenecks	may	be	invisible	– the	plot	branches	
and	never	reaches	an	explicit	rejoining	node,	but	the	choices	at	the	
end	of	each	branch	are	the	same	or	similar,	creating	an	exquisite-

corpse	effect.



Effects: Branch-and-bottleneck	games	tend	to	be	heavily governed	
by	the	passage	of	time,	while	still	allowing	the	player	fairly	strong	
grasp. The	branch-and-bottleneck	structure	is	most	often	used	to	
reflect	the	growth	of	the	player-character:	it	allows	the	player	to	

construct	a	somewhat-distinctive	story	and/or	personality,	while	still	
allowing	for	a	manageable	plot..



Quest. The	quest	structure	forms	distinct	branches,	though	they	
tend	to	rejoin	to	reach	a	relatively	small	number	of	winning	endings	
(often	only	one).	The	elements	of	these	branches	have a	modular	
structure:	small,	tightly-grouped	clusters	of	nodes	allowing many	
ways	to	approach	a	single	situation,	with	lots	of	interconnection	

within	each	cluster	and	relatively	little	outside	it.



Effects: This	mode	is	well-suited	for	journeys	of	exploration,	focused	
on	setting.	Most	works	of	this	kind	involve	a	journey	with	a	specific	
purpose	in	mind.	Quests	work	well	for	grounded,	consistent	worlds,	

where	the	player-character’s	situation	is	constantly	changing.	
The narrative tends	to	be	fragmentary	or	episodic,	with	little	chunks	

of	story	which	might	not	have	any	great	significance	for	the	big	
picture.



Open	Map





Sorting	Hat. The	early	game	branches	heavily	and	
rejoins	heavily	(branch-and-bottleneck	is	a	likely	
model	here),	ultimately	determining	which	major	
branch	the	player	gets	assigned	to.	These	major	

branches	are	typically	quite	linear – sometimes	they	
look	like	gauntlets,	but	they	might	be	

choiceless straight-shots. Sorting	Hats	almost	always	
rely	substantially on	state-tracking	in	the	early	game,	

and	often	bottleneck	at	the	decision	point.



Effects: The	Sorting	Hat is	a	compromise	between	the	
breadth	of	more	open	formats	and	the	depth	of	linear	
ones.	Sometimes the	nature	of	the	various	branches	
is	signaled	to	the	player;	this	is	kind	of	important,	in	
fact,	because	the	player	is	pretty	likely	to	notice	the	

linearity	of	the	second	half	and	might	assume	
that all of	their	choices	will	ultimately	get	

funneled into	that	particular	thread.	The	player	gets	
a lot of	influence	over	how	the	story	goes;	however,	
the	author	may	end	up	effectively	having	to	write	

several	different	games.



Loop and	Grow.	 The	game	has	a	central	thread	of	
some	kind,	which	loops	around,	over	and	over, to	the	
same	point:	but	thanks	to	state-tracking,	each	time	
around	new	options	may	be	unlocked	and others	

closed	off.	This	is	a	very	general	pattern,	and	can	co-
exist	with	many	others.



Effects: Loop and	Grow	emphasizes	the	regularity	of	
the	world	while	retaining	narrative	momentum.	A	
justification	is	needed	for	why	whole	sections	of	
narrative	can	repeat:	the	player-character	is	often	
following	routine	activities	in	a	familiar	space,	
engaged	in	time-travel,	or	performing	tasks	at	a	

certain	level	of	abstraction.



An	important	variation of loop-and-grow	structures	is spoke	
and	hub: the	game	has	several	major	branches,	but	they	all	
originate	at	and	return	to	a	central	node	or	set	of	nodes.	The	
player	may	go	out	along	each	spoke	once,	or	many	times.



Jakob Bernoulli	(1654–
1705):	“if	anybody	has	

discovered	the	answer	that	
makes	us	feel	so	defeated,	
please	contact	us,	we	will	

be	very	grateful.”



Jakob Bernoulli	(1654–
1705):	“if	anybody	has	

discovered	the	answer	that	
makes	us	feel	so	defeated,	
please	contact	us,	we	will	

be	very	grateful.”

He	did	some	work	with	
probability	too.	



https://mathwithbaddrawings.com/



The	same	game	extends	into	high	school,	where	excellence	
is	a	functional	ability	to	memorize.	The	night	before	the	test	
the	student	memorizes	his	math	formulas,	his	history	dates,	

and	his	biology	facts.	He	may	ace	the	test,	but	he	then	
forgets	everything.	He	will	barely	express	his	own	views,	but	
carefully	regurgitates	what	the	teacher	has	presented	as	his	

opinion.	

http://www.nytimes.com/1971/09/18/archives/the-game-of-please-
the-teacher.html







http://samizdat.cc/cyoa/#



The	branch	diagram	for UFO	54-40 is	unique	in	that	it	has	
one	ending	– the	Ultima ending	– which	is	completely	

disconnected	from	the	rest	of	the	story.	It	exists	as	an	island,	
unreachable	through	choices	but	discoverable	thanks	to	the	

random	access	nature	of	the	book.
This	ending	was	not	just	an easter	egg for	the	obsessive	
reader	who	didn’t	mind	skimming	every	page	looking	for	
telltale	words.	Instead	it’s	hard	to	miss	in	even	a	casual	

riffling.	



A	two-page	illustration	showing	what	could	only	be	paradise	
(or	perhaps	a	theme	park)	leaps	out	as	the	only	spread	in	

the	book	without	any	text.	Flipping	to	the	page	before	brings	
you	to	101,	where	you	discover	that	your	curiosity	has	been	

rewarded.	
You	have	found	the	planet,	not	by	following	the	constraints	
of	the	system,	but	by	going outside of	them	– a	fitting	moral	
to	the	story	and	an	encouraging	reminder	that	any	game	
should	be	a	starting	point	for	the	imagination,	not	the	end.

http://samizdat.cc/cyoa/#






